3450:149 i s L Precalce ’ Supplement on Geometry

Knowledge of formulas for length, perimeter and area of plane regions as well as for volume and surface area of solids
are extremely lmportant in Calculus. In the formulas below, distances are indicated by a,b,¢,h, T f-md s the angle,
8, is measured m radians; areas of plane regions are indicated by A, surface areas of solids by SA and ‘volumes of

solids by V.

GENERAL TRIANGLE - RIGHT TRIANGLE SIMILAR._TRIANGLES
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Examples of functions related to geometry.

ExXAMPLE 1: A five foot tall student walks away. from a 15 foot high lamp post. Express the length of her shadow

as a function .of distance from the lamp post.

SoLuTioN: The situation is illustrated in Figure 1. Let z be her
distance from the lamp post and L the length of her shadow. By

similar triangles - ) 15
2+l _15 L= | v
I =% = rz+L=3L y
1 s
= L(z)= i >0 X L :
Figure 1

EXAMPLE 2: A rain-gutter is to be made from ; 10 in. wide sheet of metal by bendiﬁg the sheet =’ J1'riches from
each edge (the angle formed should be larger than a right angle) to form a trough that is 3 in. high. Express the
cross-sectional area of this trough as a function of z. Draw a complete graph of the problem situation.

SoLuTioN: The situation is illustrated in Figure 2.1. The area is
the sum of area of the rectangle of sides 3 x (10 — 2z) and the areas
of two right triangles of height 3 and hypotenuse z. Notice that )
z <5 is required.” ‘

By the Pythagorean Theorem, the other side of the triangles is of
length v/z2 — 32, s0 the area of each triangle is A = %3 z? - 32,
>3

_The cross-section has area

A(z) = 3(10 - 2:)+2 3\/:7 32

ﬁA(z)-—:i(lO '2z+\/z- ) 3<z <5

The graph of A(x) is drawn in Figure 2.2.

EXAMPLE 3: A 400 meter oval track is to be built with two equal length straight sides connected by a senu-circle at
each end. "Write the area inside the track as a function of the length of the stra.lght side. Draw a complete graph of

the problem situation.

SoLuTiON: The situation is illustrated in Figure-3.1. The area g
the sum of the area of the rectangle of sides z x 2r and ‘the areas.
of the two semi-circles, each of radius r. Notice that 0 < z < 200.
The perimeter of the track is P = 2z+ 2(xr) = 400, so the variable

r is determined in terms of £ as'r = —-(200 — z). Thus the total
x

area 1s
2 5
A(e) = 2(2r) + 2377 = “2(200 - =) 4 2200 ~ )

= Alz)= ;(200 —2)(2004z), 0< 2 < 200

This quadratic is graphed over the problem domain in Figure 3.2.

EXAMPLE 4: A drinl;ing cup is made by removing a circular sector of angle # (radians) from a circle of radius 10
cm and fastening the edges together (see Figure 4.1.below). Find the volume of the conical cup 4$ a function of the e
~ angle of the sector which was removed. Draw a complete graph of the. problem situation.

SOLUTiaﬁ': .T_hé situation is illustrated in Figure 4.1. The length = s S
of the part of the circle that remains is s = 10(2x - 9),0 < 6 < 27. 356
The sector which remains is folded into the cup shown in Figure 103

4.2. The circumference-of the base of the cone is also s = 10(2x—6). )
The radlus of the base satisfies the equation 2ar = 10(27:' — 8) so Figure 4.1 Figure 4.2

r=10(1 - —) By the Pythagorean Theorem, h = /102 — r2, so
Figwwe 43

[ 2
h=104/1— (1 - 50;) ..~ Substituting these values for r and A in
the formula for the volume of the cone gives
V(8) = 2arth
=3 -
10%x 'A% ‘A%
=="(1-= ~(1-2) .0<8<; -
= V(6) 3 ( 2_‘_) 1 (1 21) ,0<8<2n

The graph of is drawn in Figure 4.3.
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Problems on functions related to geometry

1. A 15 foot ladder leans against a wall. A painter is at the top
of the ladder when the bottom begins to slip away from the wall.
Determine the distance of the top of the ladder from the ground Problem 1
when the bottom is z feet from the base of the wall.

<
-
[6.]

2. One way of measuring the height of a tree is to place a mirror

on the ground 25 feet from the base of the tree, then back away

from the tree until you can just see the reflection of the top of the Problem 2
tree in the mirror. You can calculate the height of the tree as a

function of distance from the mirror. Determine how high your h

eyes are above the ground and find the function which describes L) (5}
height in terms of distance from the mirror. (The physical principle 25 X
used here is that Angle of incidence equals angle of reflection.)

3. A Roman Window has the shape of a rectangle with a semi-
circle above. The diameter of the semi-circle and the top of the
rectangle are the same line. Find the function which represents the Problsm 3
perimeter of such a window as a function of width if the window

is to have a fixed area of 30 sq. ft. Draw a complete graph of the

problem situation.

4. The conical tank at right is being filled with water. What
is the volume of water in the tank when the distance from the top Problem 4
of the tank to the surface of the water is z feet? Draw a complete

graph of the problem situation.

5. A cylindrical bucket (with bottom but no top) is to have a
volume capacity of 1 cubic meter. Find function which describes

the surface area of the bucket as a function of the radius of the II

Probk_a_m 5

cylinder {no top). Draw a complete graph of the problem situation.

Answers to problems
1L.y=v2285-22, 0<z<15 2.h(x)= @, z > 0 (assumes my eyes are 6 feet high). 3. P(w) = (1 - %)w-{»
z b

%Iq, 0<w< ‘/239 Graph below. 4. V(z) = %(10——2)3, 0 < z < 10. Graph below. . 5. SA(r) = §+7rr2. 0<r.
" Graph below. ’

’ “i’mblem B]

Problem 3 - Problem 4




